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Recent work on the mechanics of detachment of a rigid sphere from an elastic axisymmetric wavy surface
in the presence of JKR adhesion has shown that the presence of small-amplitude waviness introduces
instabilities into the detachment process which dissipate mechanical energy. These instabilities result
in interface toughening and strengthening; both the external work and peak force required for separation
of a wavy interface are higher than those for a ﬂat interface. In this paper, we summarize the key dimen-
sionless parameters governing axisymmetric wavy surface adhesion in the JKR regime. We then proceed
to derive a solution for the JKR–DMT adhesion transition for the axisymmetric wavy surface contact prob-
lem using a Maugis–Dugdale cohesive zone formulation. The phenomenon of interface toughening and
strengthening due to the presence of surface waviness is seen to be restricted primarily to the JKR adhe-
sion regime.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
Traditionally, surface roughness has been viewed as reducing
adhesion between elastic solids. This makes intuitive sense for rel-
atively stiff materials, as roughness prevents intimate surface con-
tact. Thus, as most naturally occurring surfaces are somewhat
rough, the vast majority of engineering materials do not appear
to adhere to each other at all at macroscopic length scales.
However, biologists have been aware for some time of instances
where surface roughness is found to enhance adhesion. For exam-
ple, in studies on the adhesion of marine invertebrates, Walker
(1987) observed that adult tubeworms demonstrate signiﬁcant
adhesion to rough slate but minimal adhesion to smooth surfaces,
and that barnacles also show a signiﬁcant increase in tenacity to
roughened surfaces. More recently, Santos et al. (2005) investi-
gated the adhesion of echinoderm tube feet and observed higher
tenacity on roughened polymer surfaces than on smooth surfaces.
In the latter study, scanning electron microscopy conﬁrmed defor-
mation of the soft tube feet to match the proﬁle of the rough sub-
strate, and this effective increase in the true area of contact was
proposed to explain the enhanced adhesion to rough surfaces.
Studies of the adhesion of rubbers and other soft elastomeric
materials, similar to those commonly found in biological adhesion
mechanisms, have also provided evidence for stronger adhesion to
slightly roughened surfaces than to smooth ones. Experiments by
Briggs and Briscoe (1977), Fuller and Roberts (1981), and Kimll rights reserved.
: +1 401 863 9009.
Guduru).and Russell (2001) on elastomers in contact with roughened rigid
surfaces showed that the maximum pull-off force and detachment
energy increased with roughness amplitude and reached a maxi-
mum before decreasing.
Most mechanical models of rough surface contact and adhesion
have failed to satisfactorily predict or explain this phenomenon.
Fuller andTabor (1975) ﬁrst derived a solution for the JKR adhesion
(Johnson et al., 1971) of rough surfaces using the Greenwood and
Williamson (1966) model, which assumes a Gaussian height distri-
bution of noninteracting spherical asperities with uniform radii.
Although the JKR theory is well-suited for modeling the adhesion
of the compliant elastic materials which demonstrate the phenom-
enon, both the Fuller and Tabor model, and a more detailed deriva-
tion presented by Fuller and Roberts (1981) to attempt to explain
their experimental results, failed to predict any increase of adhe-
sion over that on a smooth surface. Fractal surface models have
been used extensively by Persson and Tosatti (2001) and Persson
(2002) to study rough surface adhesion, and these models do in
fact predict an increase in net energy required to separate a unit
area of rough interface. As in the case of the biological adhesion
study of Santos et al. (2005), this increase in adhesion is attributed
to an effective increase in the true area of contact for compliant
materials in contact with surfaces having small amplitude rough-
ness. However, the Persson models use an energy balance
approach which assumes that attachment and detachment are
completely reversible processes, which is not physically realistic.
The topic of rough surface adhesion has become increasingly
important in the areas of nano- and micro-tribology, as surface
forces become dominant when the size scale of contacting bodies
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Fig. 1. The geometry of the axisymmetric contact problem. A sphere of radius R
contacts an elastic half-space with a single wavelength cosine surface. The
amplitude and wavelength have been exaggerated in the diagram for visual clarity.
(a) A < 0, central concave trough. (b) A > 0, central convex asperity.
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role in determining the adherence between two bodies. However,
below a certain length scale of contact, the assumptions in the
JKR theory of adhesion begin to break down. Thus, to study nano-
scale roughness effects on adhesion, the analytic model proposed
by Maugis (1992) to capture the transition from the JKR regime
to the DMT (Derjaguin et al., 1975) adhesion theory, which is more
suitable for stiff materials and small length scales, is often used.
The Maugis model uses a Dugdale cohesive zone formulation to
approximate the effect of surface forces acting outside the area
of contact. Recently, this model of the JKR–DMT adhesion transi-
tion has been incorporated into a Greenwood–Williamson rough
surface contact model (Morrow et al., 2003) as an extention of
the work of Fuller and Tabor (1975), as well as a fractal rough sur-
face contact model (Morrow and Lovell, 2005), similar to that used
in the work of Persson. Interestingly, in the work of Morrow et al.
(2003), the adherence force is seen to steadily decrease as a func-
tion of a dimensionless roughness parameter, but enhanced adhe-
sion below a critical roughness parameter is observed in the work
of Morrow and Lovell (2005). This disparity in the predictions of
the JKR–DMT adhesion transition models, in addition to the con-
ﬂicting predictions for rough surfaces in the JKR models mentioned
above, demonstrate the need for a more thorough understanding of
how slightly rough surfaces can generate the enhanced adherence
which is observed experimentally.
One method of developing such an understanding is to study
rough surface contact mechanics using simpliﬁed surface geome-
tries. Sinusoidal wavy surfaces lend themselves to exact analytic
solutions, and have been used in several previous studies to
approximate rough surfaces. Johnson (1995) ﬁrst considered the
planar wavy surface problem with JKR adhesion and derived the
pressure necessary for surfaces to come into full contact. Hui
et al. (2001), Carbone and Mangialardi (2004), and Zilberman and
Persson (2002) also studied sinusoidal planar surfaces using vari-
ous approaches. Each of these papers focuses primarily on partial
contact and the conditions necessary for the two surfaces to jump
into full contact during approach. However, recently the work of
Guduru (2007) and Guduru and Bull (2007) has shown that the
detachment process is more relevant in terms of understanding
how small amplitude surface waviness can enhance adhesion.
Guduru (2007) studied the mechanics of detachment of a rigid
sphere from an elastic axisymmetric wavy surface in the presence
of JKR adhesion and demonstrated how the presence of waviness
introduces oscillations in the equilibrium force–penetration curves
which amplify the tensile force required to separate the surfaces,
causing interface strengthening. Further, these same oscillations
introduce instabilities into the detachment process which dissipate
mechanical energy, resulting in interface toughening. Detachment
experiments performed on gelatin by Guduru and Bull (2007) dem-
onstrated these phenomena and conﬁrmed the experimental mod-
el. Thus, the force ampliﬁcations and irreversible dissipation of
energy during the separation process suggest that the adhesion
enhancement seen for soft elastomers on slightly rough surfaces
is not due solely to the increase in effective contact area as pro-
posed by other authors. As noted by Hui et al. (2001), most real
surfaces have asperities which are in close enough proximity to
interact elastically, and thus do not behave like surfaces comprised
of isolated JKR spherical asperities, as is commonly assumed in
most models. Allowing for asperity interaction in rough surface
adhesion models appears to be critical for properly capturing the
instabilities and energy dissipation seen in the work of Guduru
(2007).
The purpose of this article is to further explore the mechanisms
for interface toughening and strengthening of adhesive wavy sur-
faces, and provide physical insights into how existing models for
more realistic rough surfaces might be improved to better capturesuch phenomena. The paper is organized as follows. First, taking
advantage of canonical exact analytical solutions for axisymmetric
contact problems, the JKR solution for the axisymmetric wavy sur-
face contact problem is discussed, and presented in a new dimen-
sionless form which allows comprehensive adhesion maps to be
drawn. Then, the JKR–DMT transition solution is derived using a
Maugis–Dugdale cohesive zone formulation, and the enhancement
in adhesion due to surface waviness is mapped. The phenomena of
interface toughening and strengthening are highlighted for both
the JKR and JKR–DMT transition solutions. Signiﬁcant enhance-
ment in adhesion due to the presence of a slightly wavy surface
is observed, and it is seen that most of this enhancement is limited
to the JKR adhesion regime.
2. Axisymmetric wavy surface adhesion: JKR theory
2.1. Wavy surface geometry
As a simple approximation to the rough surface contact prob-
lem, we consider contact between a rigid spherical indenter and
the axisymmetric wavy surface of a linearly elastic half-space.
The wavy surface is described as a sinusoidal function of radial
coordinate r,
z ¼ A 1 cos 2pr
k
 
; ð1Þ
where A is the amplitude of the waviness and k is its wavelength. In
the analysis of Guduru (2007), only surfaces with positive values of
A were considered, such that initial contact with the rigid sphere
was made at a central convex asperity on the elastic wavy surface
(i.e., the wavy surface has a peak at r = 0). Here we will extend
the analysis to include negative values of A, which will allow us
to additionally consider axisymmetric wavy surfaces which have a
central concave trough. The differences in the contact geometry be-
tween a sphere and two wavy surfaces with amplitudes of opposite
sign are illustrated in Fig. 1.
As in the classical Hertz contact analysis, we approximate the
rigid spherical surface as a paraboloid,
z ¼ r
2
2R
; ð2Þ
which is valid for small values of r/R, where R is the radius of the
sphere. Thus, the gap between the sphere and the wavy surface is
given by
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2
2R
þ A 1 cos 2pr
k
 
: ð3Þ
It is clear that as the rigid sphere is brought into contact, the
contact area will not be simply connected for most wavy surface
geometries. Guduru (2007) derived conditions for the gap given
by Eq. (3) to be monotonically increasing with radius, which
guarantees a simply connected contact area, but is overly restric-
tive as the presence of adhesion allows for a wavy surface to
spontaneously achieve full contact in the absence of normal
load, as shown by Johnson (1995) and others. Further, many soft
elastomers such as polydimethylsiloxane (PDMS) allow for rapid
air diffusion (Hui et al., 2001), such that it is possible for
trapped air bubbles to disperse with time under external load-
ing. For these reasons, we focus on the detachment problem of
the sphere from the wavy surface, assuming that the sphere
has been pressed sufﬁciently such that any partial contacts have
coalesced and intimate contact is established throughout the
contact area before detachment begins. We will further examine
the conditions for spontaneous jump-to-contact in Section 2.6.
2.2. Sneddon theorems for axisymmetric contact problems
Following the procedure presented by Maugis (2000), we begin
our study of the contact problem by reviewing helpful theorems
derived by Sneddon (1965) for solving the axisymmetric indenta-
tion problem of a rigid punch of arbitrary proﬁle in contact with a
ﬂat elastic half-space. For a given contact radius a, our wavy sur-
face problem can be made equivalent to the ﬂat surface formula-
tion by making the proﬁle of the rigid indenter, f(q), equal to that
of the gap given in Eq. (3), where q = r/a. In the solution proce-
dure which follows, D is the penetration of the punch; P is the ap-
plied load (P > 0 indicating compression); rz(r,0) is the stress
inside the area of contact; and uz(r,0) is the displacement of sur-
face points outside the area of contact. Sneddon (1965) showed
that by deﬁning the function
vðtÞ ¼ 2
p
D t
Z t
0
f 0ðqÞdqﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  q2
q
0B@
1CA; ð4Þ
the contact parameters for an arbitary punch proﬁle f(q) can be
expressed as:
D ¼
Z 1
0
f 0ðxÞdxﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p þ p
2
vð1Þ ð5Þ
P ¼ paE
Z 1
0
vðtÞdt ¼ 2aE D
Z 1
0
xf ðxÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 x2
p dx
 
ð6Þ
rzðq; 0Þ ¼  E

2a
vð1Þﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 q2
p  Z 1
q
v0ðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
t2  q2
q
264
375; q < 1 ð7Þ
uzðq;0Þ ¼
Z 1
0
vðtÞdtﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  t2
q ; q > 1 ð8Þ
Here, E* = E/(1  m2) is the plane strain modulus of the elastic
solid, which is characterized by the elastic modulus E and the
Poisson’s ratio m. Physically, the function v(t) determines the nat-
ure of the stresses at the periphery of contact. For Hertzian con-
tact, the requirement that no stress singularity be present at q = 1
is enforced by prescribing v(1) = 0, and this condition determines
the contact radius a. When adhesion is present, v(1) can be non-
zero (Barquins and Maugis, 1982), implying that singular contact
stresses are admissible within the linear elasticity treatment of
adhesion problems.2.3. Hertzian contact of axisymmetric wavy surfaces
We begin the solution of the axisymmetric wavy contact prob-
lem by considering the Hertzian case where no adhesion is present.
First we note that, from Eq. (3),
f 0ðqÞ ¼ a
2q
R
þ 2paA
k
sin
2paq
k
; ð9Þ
and thus we can solve for v(t) using Eq. (4):
vðtÞ ¼ 2
p
D1  a
2t2
R
 p
2Aat
k
H0
2pat
k
  
; ð10Þ
where D1 is the penetration in the absence of adhesion and Hn() is
the Struve function of order n (c.f. Abramowitz and Stegun, 1965).
To ensure nonsingular stresses at the periphery of contact we re-
quire v(1) = 0, and using this condition to solve Eq. (10) for D1,
we ﬁnd
D1 ¼ a
2
R
þ p
2Aa
k
H0
2pa
k
 
: ð11Þ
Substituting this expression into Eq. (10) and using Eq. (8) to solve
for the Hertzian displacement uz,1, we ﬁnd:
uz;1ðqÞ ¼ a
2
pR
ð2 q2Þ sin1 1
q
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  1
p 
þ 2pAa
k
H0
2pa
k
 
sin1
1
q

Z 1
0
tH0ð2pat=kÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2  t2
q dt
264
375: ð12Þ
Using Eq. (7) to solve for the contact pressure, p1(r) = rz(r, 0), for a
given radius a in the absence of adhesion results in the expression
p1ðrÞ¼
E
p
2
R
þ4p
2A
k2
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p
þp
2A
k
Z a
r
H0 2pak
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p da2p
3A
k2
Z a
r
H1 2pak
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2r2
p da
 
:
ð13Þ
Finally, the total applied load can be found by using Eq. (6):
P1ðrÞ ¼ 2E 2Rþ
4p2A
k2
 
a3
3
þ pAa
2
H1
2pa
k
 
 p
2Aa2
k
H2
2pa
k
 " #
:
ð14Þ
Note that although Guduru (2007) used a different solution proce-
dure (the method of cumulative superposition, e.g. Hill and Storak-
ers (1990)), the results of both solution techniques for p1, P1, and D1
are identical. The Sneddon procedure is better suited for our current
purposes in that it gives a simple formula for obtaining uz, which is
necessary later for studying the inﬂuence of adhesive tractions out-
side the contact area.
2.4. JKR adhesive contact of axisymmetric wavy surfaces
As demonstrated by Guduru (2007), the adhesion problem be-
tween the rigid sphere and thewavy surface can be solved in several
ways. In the JKR model of two adhering surfaces, it is assumed that
adhesive forces only actwithin the area of contact and that the inter-
action between the surfaces outside the contact area is negligible.
Either the original JKR potential energy approach (Johnson et al.,
1971) or the equivalent energy release rate approachof linear elastic
fracturemechanics(Maugis,2000)canbeused. Inbothcases,theﬁnal
adheredstatecanbeobtainedbysuperposing theHertzianwavysur-
facecontactsolutionpresentedabove, foragivencontactradiusaand
load P1 in the absence of adhesion given by Eq. (14), and the solution
for a rigid circular punch of the same radius a on a half-spacewith an
appliedloadofP1  P,whereP istheappliedloadrequiredtomaintain
the contact radius a on thewavy surface in the presence of adhesion.
The contact pressure resulting from such a superposition is
ΔP
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in displacement control
Dissipated energy
_
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Fig. 2. Variation of the compressive normal load P as a function of the penetration
D, for JKR adhesion. Energy dissipation (shaded areas) due to unstable detachment
results in interface toughening.
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P1  P
2pa2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r2=a2
p ; ð15Þ
where p1(r) is given by Eq. (13). The mode I stress intensity factor at
the contact boundary is deﬁned as
KI ¼ lim
r!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pða rÞ
p
pðrÞ ¼ P1  P
2a
ﬃﬃﬃﬃﬃﬃ
pa
p ; ð16Þ
and the corresponding energy release rate can be evaluated as
G ¼ K
2
I
2E
¼ ðP1  PÞ
2
8pEa3
: ð17Þ
(The energy release rate is half that in fracture mechanics because
the punch is not deformable). At equilibrium, the energy release
rate G is equal to the work of adhesion,
w ¼ Dc ¼ c1 þ c2  c12; ð18Þ
where c1 and c2 are the surface energies of the contacting solids and
c12 is interaction energy between the two materials. Thus, the equi-
librium condition G = w determines the JKR solution for the applied
load, from Eq. (17), to be
PðaÞ ¼ P1ðaÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8pEwa3
p
: ð19Þ
Similarly, the JKR penetration and displacement can be obtained by
superposing the ﬂat punch results (Maugis, 2000):
D ¼ D1 
ﬃﬃﬃﬃﬃﬃ
pa
p
E
KI ¼ D1 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pwa
E
r
ð20Þ
uzðq;0Þ ¼ uz;1ðq; 0Þ  2pE KI
ﬃﬃﬃﬃﬃﬃ
pa
p
sin1
1
q
; q > 1 ð21Þ
Hence, for a given contact radius a, the corresponding load P and
penetration D can be represented in a parametric plot using Eqs.
(19) and (20). Guduru (2007) has investigated the JKR adhesion
model for axisymmetric surfaces in detail. Here, we proceed to
introduce new dimensionless parameters which permit a compre-
hensive mapping of the Guduru (2007) results.
2.5. Dimensionless JKR theory for axisymmetric wavy surface contact
The JKR theory presented above can be represented in dimen-
sionless form with the introduction of the following parameters:
a ¼ AR
k2
; b ¼ k
R
 3 ER
2pw
¼ k
3E
2pwR2
ð22Þ
Physically,a represents thedegreeof surfacewaviness. Largervaluesof
a correspond to surfaces with high amplitude, short wavelengthwav-
iness,whereas smaller values ofa correspond to surfaceswith shallow,
longwavelengthwaviness. b is ameasureof the relative stiffnessof the
material to the surface energy; smallbvalues correspond tomorecom-
pliant materials where surface energy effects are more dominant,
whereas large b values correspond to stiffer materials where surface
energy is less dominant. Using these parameters, and deﬁning the nor-
malized load, penetration, and contact radius as
P ¼ P
pwR
; D ¼ DR
k2
; a ¼ a
k
; ð23Þ
respectively, dimensionless expressions for the Hertzian contact
load P1, JKR contact load P, and JKR penetration D are obtained from
Eqs. (14), (19), and (20):
P1 ¼ 4b 2
a
3
þ a 4p
2a3
3
þ pa
2
H1ð2paÞ  a2H2ð2paÞ
  
ð24Þ
P ¼ P1  4
ﬃﬃﬃﬃﬃﬃﬃ
ba3
p
ð25Þ
D ¼ a2 þ ap2aH0ð2paÞ 
ﬃﬃﬃ
a
b
s
ð26ÞAs a? 0, the solution for JKR adhesion of a rigid sphere on a ﬂat
elastic surface is recovered.
Graphs of the load P versus the penetration D illustrate how the
presence of surface waviness introduces oscillations onto the equi-
librium load curves, as seen in Fig. 2. Here, the dashed line repre-
sents the equilibrium path for this particular combination of a
and b. However, during detachment, the equilibrium path cannot
be followed, and there will be unstable jumps to the next physi-
cally achievable point on the curve, shown by the solid arrows
which follow the detachment path for the case of displacement-
controlled separation. Such instabilities dissipate energy, illus-
trated by the shaded portion of the graph, and cause toughening
of the contact interface. This phenomenon of energy dissipation
is not captured by other existing models of rough or wavy surface
adhesion, and indicates that models which assume that the contact
approach and separation are perfectly reversible processes are
neglecting a fundamental mechanism for interface toughening.
The separation or pull-off force, Pc , is the maximum tensile load
supported during detachment. In a load-controlled experiment, the
two surfaces will spontaneously separate once Pc is reached. With
the sign convention adopted here, the maximum tensile load cor-
responds to the minimum point on the P–D curves. From the clas-
sical JKR analysis for a rigid sphere detaching from a ﬂat elastic
surface, ðPcÞflat ¼  32. The location of Pc on the P–D curves is illus-
trated in Fig. 3.
2.6. Discussion
The results of Section 2.5 allow for comprehensive plots of the
pull-off force enhancement bPc ¼ ðPcÞwavy=ðPcÞflat using only the
parameters a and b. Such a map of the predicted adhesion
enhancement for a range of wavy surfaces is presented in Fig. 4.
A signiﬁcant enhancement in the normalized pull-off force is seen
for the majority of combinations of a and b, including both a > 0
(central convex asperity) and a < 0 (central concave trough). The
general trend is that the force ampliﬁcation bPc tends to increase
as b increases, although there are some combinations of a and b
for which bPc < 1, meaning that the pull-off force for the wavy sur-
face characterized by those parameters is less than that for the ﬂat
surface. However, signiﬁcant enhancement in adherence is clearly
attainable for most geometries. The adhesion map in Fig. 4 shows
that ﬁvefold increase in pull-off force is predicted for several com-
binations of jaj < 0.5, 1 6 b 6 10. Even greater increases in pull-off
force are predicted by this model for higher values of a, b. The
experimental work of Guduru and Bull (2007) showed that
ΔP
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Fig. 3. The minimum point on the load–penetration curve corresponds to the pull-
off force Pc , and is generally larger in magnitude for the wavy geometry than the
pull-off force for the sphere on a ﬂat surface, resulting in interface strengthening.
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Fig. 4. Map of pull-off force ampliﬁcation factor for the wavy surface, bPc , predicted
by the JKR adhesion analysis for various dimensionless parameters a ¼ AR
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Fig. 5. Adhesion ampliﬁcation map illustrating the regions where spontaneous
jump to full contact upon approach is possible for a selected range of a, b.
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ing from soft gelatin, with 0.25 6 a 6 1.25 and 0.2 6 b 6 20.
Using the data from Fig. 4 for the speciﬁc case of PDMS, with
typical modulus E*  1 MPa and work of adhesion w  50mJ/m2,
in contact with a rigid sphere of radius 5 mm, choosing
a = 0.15 and b = 1 results in pull-off force ampliﬁcation bPc  2,
and corresponds to waviness amplitude A = 1.2 lm and wave-
length k = 0.2 mm. Choosing a = 0.15 and b = 10 results in pull-
off force ampliﬁcation bPc  6, and corresponds to waviness
amplitude A = 5.5 lm and wavelength k = 0.43 mm. These exam-
ples illustrate the potential for signiﬁcant increases in adhesive
tenacity resulting from the presence of shallow waviness on soft
elastic surfaces.
In the construction of Fig. 4, it is assumed that full intimate con-
tact has been reached within a sufﬁciently large radius a such that
the maximum pull-off force predicted by the P—D curves can be
achieved in the detachment problem. To better understand the
conditions for the validity of such an assumption, we can qualita-
tively study the conditions for spontaneous jump-to-contact dur-
ing approach using the Persson global energy balance concept
(e.g. Persson, 2002). First, we estimate the energy necessary to de-
form an elastic block so that the material ﬁlls a substrate cavity of
height A and width k:Uel  12
Z
V
rd3x; ð27Þ
where the stress r  E, and the strain   A/k is mainly localized to
a volume  k3. Hence, an approximation for the elastic energy is
Uel  k3E Ak
 2 ¼ EkA2. The gain in the adhesion energy upon contact
is Uad  w k2. Setting Uel = Uad gives
A
k
 w
Ek
	 
1=2
: ð28Þ
Making the approximation E  E* for the purposes of this qualitative
analysis, and dividing both sides by k/R, Eq. (28) can be rewritten as
a  1
2pb
 1=2
: ð29Þ
Thus, the surfaces will spontaneously jump to contact in the ab-
sence of applied load if a 6 ac  (2pb)1/2. Combinations of a and
b where this condition is met is illustrated within the shaded area
in Fig. 5. For geometries where a > ac, the curves for the ampliﬁca-
tion in pull-off force bPc seen during detachment are only valid after
full contact has ﬁrst been obtained by external compressive loading.
In Fig. 5, it can be seen that beyond a critical b, there is actually
a reduction in pull-off force for the wavy surface compared to the
ﬂat surface, i.e., bPc < 1. (As noted previously, this effect is also seen
in Fig. 4). This corresponds to the case where locally the wave-
length becomes large enough that the contact problem becomes
one of two isolated spherical asperities in contact, rather than a
wavy surface. In such a case, the effective radius is smaller than
the radius R, and thus the apparent pull-off force decreases, so thatbPc < 1.
Thus far, the analysis only allows for interface separation origi-
nating at the periphery. However, intuitively it can be seen that
above a critical amplitude of waviness, interface separation is
likely to occur at the local minima of the surface waves, where ten-
sile interface stresses will be highest. Other authors (e.g. Johnson,
1995) have allowed for this possibility by seeding these local min-
ima with small ﬂaws, since introducing local imperfections is the
only way to initiate crack growth along a perfect interface in the
Grifﬁth model of fracture mechanics. Unlike the case of the planar
wavy surface model studied by Johnson (1995), the local minima
for the axisymmetric gap proﬁle of Eq. (3) are not radially periodic
or ordered for general a and b, and this signiﬁcantly complicates
such an analysis. Therefore, while considering the case of crack ini-
1038 J.F. Waters et al. / International Journal of Solids and Structures 46 (2009) 1033–1042tiation at interface ﬂaws is necessary to fully complete the wavy
surface adhesion model, we will not consider it in the current
dimensionless analysis and simply note that in practice, for given
values of k and R there is a critical value of A beyond which inter-
face separation will initiate within the contact region, and this will
signiﬁcantly reduce any adherence of the two solids, as typically
seen for rough surfaces.
3. Axisymmetric wavy surface adhesion: JKR–DMT transition
3.1. Background on major theories of adhesion
The analytical formulation presented above is based on the JKR
(Johnson et al., 1971) theory, in which the key assumption is the
absence of surface interactions between the sphere and the wavy
surface outside the area of intimate contact. Such a model is
well-suited for modeling soft, compliant materials with high sur-
face energy. However, attractive forces outside the edge of contact
become more important for stiffer materials with low surface en-
ergy which do not deform as signiﬁcantly when placed into con-
tact. These conditions are better captured by the DMT (Derjaguin
et al., 1975) model, which assumes that molecular forces act only
in a ring-shaped zone of noncontact adhesion, and are assumed
not to change the shape of the proﬁle outside the contact area from
the Hertzian solution (as the materials are stiff). Muller et al.
(1983) later presented a revised DMT model, using a more correct
method to sum up the interactions in the Hertzian gap. Note that
while ðPcÞflat ¼  32 for the JKR model, ðPcÞflat ¼ 2 for the DMT
model.
Tabor (1977) compared the two theories and showed they
were related by a dimensionless transition parameter l which
evaluates the ratio of elastic deformation to the range of the sur-
face forces. Muller et al. (1980) implemented a numerical Len-
nard–Jones surface interaction potential and conﬁrmed a
continuous transition between the DMT and JKR regimes, gov-
erned by a parameter proportional to Tabor’s adhesive transition
parameter. The DMT regime corresponds to l 1, for stiff mate-
rials, small spherical indenter radius R, and low surface energy
w. The JKR regime corresponds to l 1, for compliant materials,
large R, and high w. (In their adhesion map for the contact of
elastic spheres, Johnson and Greenwood (1997) show that the
JKR theory is strictly valid for l > 5 but that it works well for
l > 0.3 in practice.)
For contact problems in the transition region between the two
adhesion theories, Maugis (1992) introduced a solution based on
a Dugdale (1960) model for the surface interactions rather than
the more realistic Lennard–Jones model, which makes the problem
tractable analytically. In the Dugdale assumption for the interac-
tion potential, the adhesive traction is constant at a value of r0 un-
til the critical crack opening separation dc is reached, and the
adhesive stress immediately drops to zero for larger separations.
Although this is an approximation to the actual adhesive interac-
tion, Barthel (1998) showed that the Dugdale model is adequate
in most cases. The transition parameter used by Maugis is com-
monly referred to as k, but will be called lm here to avoid confusion
with the wavelength of surface waviness, and is deﬁned as
lm ¼
r0
E
9RE
2pw
 1=3
: ð30Þ
If the Dugdale adhesive traction r0 is chosen to match the maxi-
mum adhesive traction given by the Lennard–Jones interaction po-
tential, then it has been demonstrated that lm = 1.16 l (Johnson
and Greenwood, 1997). In the derivation that follows, we extend
the Maugis–Dugdale transition model to the axisymmetric wavy
surface adhesive contact problem.3.2. Maugis–Dugdale cohesive zone model for axisymmetric wavy
surfaces
In theMaugis–Dugdalemodel for axisymmetric problems (Mau-
gis, 1992, 2000), the adhesive stress is assumed to reach a constant
tensile valuer0 on an annulus outside the contact zone. At the outer
edge of this annulus, a critical separation dc between the two con-
tacting surfaces is reached, and the adhesive stress drops to zero,
as illustrated in Fig. 6a. The size of this annular cohesive zone is
determined such that the stress singularity at the edge of the contact
area in the JKR model is canceled, so that the crack proﬁle closes
smoothly without a discontinuity in slope. The condition governing
the cancellation of stress singularities can be expressed as
KI þ Km ¼ 0; ð31Þ
where KI is the stress intensity factor found from the JKR analysis
due to the external loading, and Km is the stress intensity factor
resulting from the introduction of the tensile adhesive tractions at
the contact periphery. Recall from Eq. (15) that the singular contact
stress in the JKR adhesion problem is deﬁned as
rzðr; 0Þ ¼ KIﬃﬃﬃﬃﬃﬃpap 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 q2p  p1ðrÞ; ð32Þ
where KI is deﬁned by Eq. (16). The stress distribution due to con-
stant adhesive traction r0 on an annulus (a < r < c) is given by Mau-
gis (2000) as
rzðr; 0Þ ¼ Kmﬃﬃﬃﬃﬃﬃpap 1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 q2p þ 2r0p tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
1 q2
s
ð33Þ
where the stress intensity factor from the presence of the cohesive
zone is
Km ¼  r0aﬃﬃﬃﬃﬃﬃpap ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃm2  1p þm2 tan1 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃm2  1p
h i
ð34Þ
and the parameterm = c/a deﬁnes the size of the cohesive zone out-
side the contact area, as shown in Fig. 6b. Thus, substituting Eqs.
(16) and (34) into Eq. (31) and solving for the external load for
the contact problem in the presence of Dugdale cohesive zones,
Pm, we ﬁnd
Pm ¼ P1  2r0a2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
þm2 tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
ph i
: ð35Þ
The contact stresses are additive:
rz;mðr;0Þ ¼ p1ðrÞ þ
2r0
p
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
1 q2
s
: ð36Þ
Hence the outcome of the stress analysis is the relationship be-
tween load Pm and contact radius a in terms of the cohesive
strength r0 and cohesive zone size m. The penetration Dm for the
Maugis–Dugdale model is given by Maugis (2000) as the sum of
D, the JKR penetration, and the approach due to the adhesive forces
outside the contact:
Dm ¼ Dþ r0aE m
2 tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p

ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
ph i
: ð37Þ
Substituting for D from Eq. (20) and using KI = Km, as deﬁned by
Eqs. (31) and (34), the penetration Dm is found to be
Dm ¼ a
2
R
þ p
2Aa
k
H0
2pa
k
 
 2r0a
E
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
: ð38Þ
In order to use these equations, we must solve for the cohesive zone
sizem. The equilibrium energy release rate G at the crack tip, which
is simply G = w = r0dc in the Dugdale model, determines the value of
m for a given value of contact radius a. In order to proceed, we need
an expression for the crack opening displacement dc, which is the
gap [uz] between the rigid punch and the deformed surface at the
Fig. 7. Illustration of the gap [uz] between the rigid sphere and the deformed
surface, outside the area of contact.
a b
c
Fig. 6. Illustrations of the assumptions of the Maugis–Dugdale model for the JKR–DMT transition. (a) Dugdale model for adhesion outside the area of intimate contact, with
constant adhesive traction r0 acting over a cohesive zone length dc. (b) Schematic of the contact radius a and cohesive zone a 6 r 6 c, where adhesive surface interactions are
present. (c) Schematic of the cohesive zone r 6 c for the noncontact case, a = 0.
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displacement proﬁle uz(r,0) is determined, as shown in Fig. 7:
dc ¼ ½uzðcÞ ¼ f ðcÞ  Dþ uzðc; 0Þ; ð39Þ
where D is the penetration of the punch and the shape function
f(r) is given by Eq. (3). To ﬁnd [uz(q, 0)] in the presence of cohesive
stresses, we follow the procedure of Maugis (2000) by ﬁrst subsi-
tuting Eqs. (3) and (20,21) into Eq. (39) to express the gap for the
JKR problem:
½uzðq;0ÞJKR ¼
2
pE
KI
ﬃﬃﬃﬃﬃﬃ
pa
p
cos1
1
q
þ a
2
pR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q21
p
ð2q2Þcos1 1
q
 
þA 1cos2paq
k
p
2a
k
H0
2pa
k
 
þ2pa
k
H0
2pa
k
 
sin1
1
q
2pa
k
Z 1
0
tH0ð2pat=kÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2 t2
q dt
375
ð40Þ
Then we must account for the reduction in the gap [uz] due to the
presence of the tensile traction r0 acting outside the contact area
within the Dugdale cohesive zone. From Maugis (2000), this change
in displacement is:
uTðqÞ¼4r0apE
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q21
p
cos1 1
q
 
m2
Z minðq;mÞ
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q2t2
q
t2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2t2
p dt
24 35
þ2Km
pE
ﬃﬃﬃﬃﬃﬃ
pa
p
cos1
1
q
ð41Þ
Adding uT to [uz]JKR and recalling that KI + Km = 0, we can express the
crack opening dc = [uz(m)] at the edge of the cohesive zone (q =m) as:
dc ¼ a
2
pR
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
þ ðm2  2Þ tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
ph i
þ 4r0a
pE
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
mþ 1
h i
þ A 1 cos 2pam
k
 p
2a
k
H0
2pa
k
 
þ 2pa
k
H0
2pa
k
 
sin1
1
m

2pa
k
Z 1
0
tH0ð2pat=kÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  t2
p dt

ð42ÞHere, the identity cos1ð1=xÞ ¼ tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
x2  1
p
if x > 0 has been used
to simplify the expression. Recall that G = r0dc = w at onset of crack
initiation. By multiplying the expression for dc by r0 and equating
this to w, we obtain an expression to solve for cohesive zone size
m. (Solving formmust be done numerically as a closed form analyt-
ical solution for m does not exist).
3.3. Noncontact cohesive zone solution
The above Maugis solution procedure assumes the presence of
a region of intimate contact within the radius a > 0. Kim et al.
(1998) presented an important extension of the Maugis solution
for the case where the surfaces are not within intimate contact
(a = 0) but are within the range of adhesive interaction (c > 0).
Such a case is illustrated in Fig. 6c. Following Kim’s procedure,
the gap between the surfaces at r = c in this ‘‘noncontact” regime
is deﬁned as
dc  uzðr ¼ cÞ ¼ d0  uzðr ¼ 0Þ þ c
2
2R
þ A 1 cos 2pc
k
 
; ð43Þ
where the surface displacement due to the presence of the adhesive
tractions is approximated by the solution for the vertical displace-
ment of a half-space under constant stress r0 within a radius c
(Johnson, 1985):
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Fig. 8. Representative plot of normal load P versus D for the Maugis–Dugdale wavy
surface adhesion problem, for a range of lm within the JKR–DMT transition regime.
b = 1.
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uzðr ¼ cÞ ¼ 4r0cpE ð45Þ
Deﬁning n = d0/dc, and noting that dc = w/r0, Eq. (43) yields
nþ 2r
2
0cðp 2Þ
pEw þ
c2
2R
r0
w
þ Ar0
w
1 cos 2pc
k
 
¼ 1: ð46Þ
For a given n 6 1, Eq. (46) can be solved numerically for c. In doing
so, we implicitly assume that the gap within the region of noncon-
tact adhesion increases monotonically with radius, such that the
gap at r = c is always larger than the gap at all r < c. This assumption
will only be valid for the case of a > 0 where the slope of the sepa-
ration gap f0(r) > 0. Guduru (2007) noted that these conditions are
met when a < 0.117. Hence, the results of this noncontact analysis
are only valid for such conditions.
Once c is known, the normal load is found by integrating the
cohesive traction within the adhesive contact radius,
P ¼ r0pc2; ð47Þ
and the normal approach is deﬁned as
D ¼ d0 þ uzðr ¼ 0Þ ¼ d0  2r0cE : ð48Þ
Eqs. (46)–(48) completely deﬁne the contact problem for the Kim
et al. (1998) model of the noncontact regime. In a recent paper,
Shi and Polycarpou (2005) demonstrated that the assumption of a
constant cohesive traction r0 in the Kim model tends to overesti-
mate the adhesive stress under noncontacting conditions and artiﬁ-
cially limits the effective separation range of adhesive stress, dc, to a
very small value. Although the noncontact model proposed by Shi
and Polycarpou is more physically accurate than the model described
here, we are primarily interested in the detachment problem for
wavy surface contact rather than the approach problem so the less
numerically-intensive Kim model described above is adequate.
3.4. Dimensionless theory for the Maugis–Dugdale wavy surface
contact problem
The Maugis transition solution presented above can be summa-
rized using dimensionless parameters as follows. In the contact re-
gime where a > 0, writing r0dc = w, and simplifying the above
expressions using a, b, and the following deﬁnition for lm,
lm ¼
r0
E
9RE
2pw
 1=3
¼ r0
E
R
k
ð9bÞ1=3; ð49Þ
we ﬁnd that the governing equation for the cohesive zone size m
can be written as
1 ¼ 2lma2
b
3
 2=3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
þ ðm2  2Þ tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
ph i
þ 8
3
l2ma
b
3
 1=3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  1
p
mþ 1
h i
þ 2plma
b
3
 2=3
1 cos 2pam p2aH0ð2paÞ

þ 2paH0ð2paÞ sin1 1m 2pa
Z 1
0
tH0ð2patÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m2  t2
p dt
and the dimensionless normal load and approach can be ex-
pressed as
PmðaÞ¼P1ðaÞ4lma2
b
3
 2=3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21
p
þm2 tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21
ph i
; ð51Þ
Dm¼ a2þa p2aH0ð2paÞ2lm
1
9b
 1=3 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21
p" #
: ð52ÞAlso, the contact stress for the case a > 0, q < 1 can be expressed as
rzðq;0Þ
r0
lm¼ð9bÞ1=3 a 2pa
Z 1
q
nH1ð2panÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2q2
q dn
264
8><>:
 2
p
þ4pa
  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1q2
p 
pa
Z 1
q
H0ð2panÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2q2
q dn
9>=>;
þ2
p
lm tan
1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m21
1q2
s
: ð53Þ
Similarly, the equation for the cohesive zone size c ¼ c=k in the non-
contact regime can be expressed as
nþ 4
3
ðp 2Þl2mc
b
3
 1=3
þ plm
b
3
 2=3
c2 þ 2a 1 cos 2pcð Þ  ¼ 1;
ð54Þ
and the dimensionless normal load and approach are found to be
P ¼ 2pc2lm
b
3
 2=3
; ð55Þ
D ¼  n
2plm
3
b
 2=3
 2clm
3
3
b
 1=3
: ð56Þ
Eqs. (50)–(52) and (54)–(56) fully describe the Maugis–Dugdale
contact problem for wavy surface adhesion. Just as for the case of
JKR adhesion, plots of load Pm versus normal approach Dm can be
obtained. Fig. 8 shows a representative Pm;Dm plot for a range of
lm for the case a = 0.1, b = 1. For lm? 0, the wavy surface pull-
off force (the minimum point on the load curve) Pc ! 2, the same
limiting pull-off force seen the DMT regime for a ﬂat surface. As lm
increases, j Pc j is seen to decrease slightly, and then increases again
as lm begins to approach the JKR limit (solid line). Similar trends are
seen for the case of a = 0.1,b = 10, where there is a much more sig-
niﬁcant increase in pull-off force in the JKR regime, as seen in Fig. 9.
Enhancement in adhesion is not seen for low values of lm near the
DMT regime, which seems to be a general trend, as discussed below.
Using the dimensionless Maugis–Dugdale transition results, we
can construct an adhesion map of the wavy surface pull-off force Pc
for a range of lm, similar to the adhesion map shown by Johnson
and Greenwood (1997) for a sphere detaching from a ﬂat surface.
Such a map is shown for 0 6 a 6 0.1 in Fig. 10 (b = 1) and Fig. 11
(b = 10), where the a = 0 curve corresponds to the Johnson–Green-
wood solution. It is seen that adhesion enhancement (as evidenced
by j Pc j increasing) is not present for values of lm approaching the
μm
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Fig. 10. Map of adhesive pull-off forces Pc for the JKR–DMT transition solution for a
range of Maugis parameters lm, illustrating that adhesion enhancement is limited
to the JKR regime. b = 1.
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Fig. 11. Map of adhesive pull-off forces Pc for the JKR–DMT transition solution for a
range of Maugis parameters lm, illustrating that adhesion enhancement is limited
to the JKR regime. b = 10.
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point (lm  0.4 for these particular combinations of a, b) beyond
which adhesion enhancement is evident. The magnitude of the
adhesion enhancement increases with increasing a.
To understand why adhesion enhancement is not seen in the
DMT regime, recall that the main assumptions of the DMT adhe-
sion theory are that the elastic material is stiff and does not deform
signiﬁcantly when brought into contact; the molecular forces act
only in a ring-shaped zone of noncontact adhesion; and these
forces are assumed not to change the displacement outside the
contact region from the Hertzian solution. Essentially, in the
DMT regime the wavy surface is too rigid for the adhesive forces
to cause signiﬁcant deformation of the surface proﬁle. In the JKR
regime, the compliance of soft elastomers allows for signiﬁcant
deformation within the contact area to match the rigid indenter
proﬁle, and it is such deformation, and the energy dissipated dur-
ing separation in unstable jumps back to less-deformed states,
which generates signiﬁcant adhesion enhancement.
4. Summary
The mechanics of detachment of a rigid sphere from an axi-
symmetric wavy surface is analyzed in various adhesion regimes.
The JKR solution for the axisymmetric wavy surface contact
problem is presented in a new dimensionless form which allows
comprehensive adhesion maps to be drawn. It is shown that, if
the contact is complete initially over a ﬁnite area, then waviness
can cause interface toughening via energy dissipation due to
instabilities in the detachment load curve, and interface
strengthening in the form of higher pull-off forces due to oscil-
lations on the load curves is also observed. These effects can
be signiﬁcant for the soft elastomers where the JKR theory of
adhesion is most applicable. To study the effect of surface wav-
iness on stiffer elastic solids, the JKR–DMT transition solution is
derived using a Maugis–Dugdale cohesive zone formulation, and
the enhancement in adhesion is mapped. It is seen that the pres-
ence of surface waviness does not enhance adhesion in the DMT
regime, where the surfaces are too rigid to deform signiﬁcantly
enough to generate the instabilities and energy dissipation upon
separation that characterizes the adhesion enhancement during
detachment in the JKR regime. These analytical results for an
idealized wavy surface provide important insights into current
models of rough surface adhesion. There is much potential for
further experimental work at a variety of length scales to inves-
tigate the phenomenon of enhanced adhesion to slightly roughΔ
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Fig. 9. Representative plot of normal load P versus D for the Maugis–Dugdale wavy
surface adhesion problem, for a range of lm within the JKR–DMT transition regime.
b = 10.surfaces in the context of the JKR–DMT transition model pre-
sented above, with applications including the optimization of
biological adhesion mechanisms and the design of nano- and mi-
cro-mechanical devices.
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